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Ωft = Tt(V )(Ω
f
0 ),











 ﬂ ﬃﬂ('  _ 'ﬂ $ﬂ  Z+M 0 Eﬀ  ﬀ \0% Q#
Tt(V ) : Ω0 −→ Ω




= V (τ, x(τ)), τ ∈ [0, T ]





* pﬀnWh\quzeg]<r\io^|{jsuv^s½tS^|jwp/seg§s^jsp^}tjs]<r\io^`ns jsp/jsr\r\mnsr\megjwlv^ ﬀ nF³§W^{|%lvnsS´ ^{i x ﬃ


V (x, t) = d˙(t)e2, x ∈ Ωst
V (x, t) = Ext(d˙(t)e2), x ∈ Ω
f
t








































m d¨ + k d = Ff ,[
d, d˙
]


















































∂tu + D u · u− ν∆u +∇p = 0, Q
f (V )
div(u) = 0, Qf (V )
u = u∞, Σ
f
∞



































σ(u, p) = −p I+ν(D u + ∗ D u)
uzlmjsp
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∂tu + D u · u− ν∆u +∇p = 0, Q
f (V )
div(u) = 0, Qf (V )
u = u∞, Σ
f
∞
u = d˙ e2, Σ
s(V )
m d¨ + k d = −
(∫
Γst
σ(u, p) · n
)
· e2, (0, T )[
u, d, d˙
]
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−∂tϕ−D ϕ · u + (
∗Du) · ϕ− ν∆ϕ +∇q = 0, Qf (V )
div(ϕ) = 0, Qf (V )
ϕ = b2 e2, Σ
s(V )
ϕ = 0, Σf∞




−b˙1 + k b2 = α(d− d
1
g), (0, T )




−∂tλ−∇Γ λ · V = f, Σ
s(d˙ e2)











−d˙ b˙2 + ν (D ϕ · n) · (D u · n)− |d˙|
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m b¨2 + k b2 = α(d − d
1












|d˙|2 (D ϕ · e2) · e2 − ν (D ϕ · n) · (D u · n)
]
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2 u∞ ∈ (H
m(Σf∞))
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d ∈ W 1,∞(0, T ; R) ∩ C0([0, T ]; R)
(u, d˙) ∈ L2(0, T ; Vd(.)) ∩ L









(v, `) ∈ (L2(Ω0))
2 × R, div(v) = 0,
v · n = 0,
ﬂ 








(v, `) ∈ (H1(Ω0))
2 × R, div(v) = 0,
v = 0,
ﬂ 
























∀ (v, `) ∈ C1([0, T ]; Vd(.))
 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u∞ · τ ∈ L





4 (0, T ; (L2(Γf∞))
2)
u∞ · n ∈ L
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q div u =
∫
Ωft
u · ∇ q −
∫
Γf∞
u · (q n)−
∫
Γst
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−ν∆u · φ =
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Ωft





ν [u · ∂nφ− φ · ∂nu] dΓ
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ZOjsu<:^^p2jwigm^{j x yh uz^ﬀegp  YJRjwp x  Wﬁqlvnr:^v ¡nsm] uvZ jwr:^ﬀnsrtlmeo]<eg¯{jFlmeonWp r vnW\io^{]ﬃub ¡ns<^igioegrtlmeg|
^Xªh jFlmeonWp uSh uzegp\ K£egp
¢
K jF}r\vegp |eor\ig^{u{¤
­®^uvZ jwigijsiguvn²|Z\nfnWuv^`lvn²lvjwp uvrOnuz^NlmZ\^lmeo]<^nWrO^{mjwlvnsReop uve
x
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* p/lmZ\^|jsuv^`nw 'lvZ\^|nsh\r io^ x ﬀ h e xf¢ uvnsige x uzytuzlv^{]/½\lvZ\^`ignWj x u x ^r:^p x nWplmZ\^ﬀ h\e x uljFlm^N§Fjsvekjw\ig^s½
Ff (u, p) = −
(∫
Γst



























































es : Xs1 ×X
s

















−d1 b˙1 − d2 b1
]





−m d2 b˙2 + k d1 b2
]
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* p/lmZ\eguRuz^X|lvegnsp½\^uvh\]<]ﬃjwmeo¯{^`lvZ\^ x eA^m^pl+nsrtlmeonWp uSlvZOjFlRS^`Z j¨§s^|Z\nuz^{p ¡nW&lvZ\^jwWmjsp\sekjwp
 ¡jw]<^{nWv©ﬃjwp x/x ^%´ p\^`lmZ\^`§Fjwmegjwlvegnsp jsiAuzlmjwlv^nWrO^{mjwlvnsq|nsp uzlvjwegpl{¤
* pﬀnW x ^{Slvn x ^{jsi!qe«lmZﬀvegse xx eguvr\ikjs|%^{]<^pl+§s^X|lvnWS´ ^i x u{½t^egplvmn x h |%^NlvZ ^` ¡nsigionFqegp\<uzr jW|%^Xuﬃ















2; ∇φ = 0,
eop



















* p¥lvZ\^ﬃuv^{ªh\^{iH½!S^qegigi'p ^^ x lvn x ^%´Op\^<r\v^X|%ekuz^buljFlm^bjsp x ]h\iolvegr\ioeg^uvr js|^{ueop®ns x ^{+lvnﬀ^{p x nF
nWh\qr\mns\ig^] qe«lmZﬀj<jwsjwp sekjwpﬃ ¡h\pO|lvegnspOjwiA ¡jw]<^Snsm©A¤
















lv^Xulq ¡h p |lmeonWpﬀuvr jW|%^{ulmZ jFl+qegioiO^h uv^% ¡h i!lvn
x


















(v, b2) ∈ Y





































v · (σ(u, p) · n) +
∫
ΩT
u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y f × V f
ÞÞ È ]_^`/aa
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h °]<^{|Z jsp\ek|jwiOuzytuzlv^] |nsp uveguzl°ns juznWioe x r jszljsp x j ﬀOh\e x r jwvl{¤CY&Z\^Xuz^Ruvh\ uvytulm^]ﬃu"ZOj¨§s^+:^^{p
m^r v^Xuz^{pWlm^ x lvZOjwp\©tuqlmnj²uvnsige x jwp x j ﬀ h\e x uljFlm^nsr:^jFlmnsX¤ * lekuRp\nF r:nWumuzeg\ig^lvn/|%nWh\r\ig^lvZ\^Xuz^
lSn<nsr:^jFlmnsu°egpﬀns x ^Slvnﬃ h\eoi x jwpﬀj xf¢ Z\nt|`|%nWh\r\ig^ x uzytuzlv^] nsr:^jFlvnW{¤
Y&Z ^]ﬃjFnW&rOnWeopl&Z\^m^s½tekulvnbp\nwlmeg|^lmZ jFl&lmZ\^ﬀ h\e x ignWj x
Ff
jsr\r:^{jwuSeoplvZ ^ﬀ h e x uljFlm^NnWrO^{mjwlvnW
jsp x lvZ\^{p<|{jwp<:^+|%nsh r\io^ x qeolvZblmZ\^+uznWioe x r jwvllvZ jsp\©tulvnNlvZ ^qeop\r htl"ionj x
F
ns OlmZ\^+uvnsige x nsr:^jFlmnsX¤
Ynjs|Z\eg^§W^SlvZ\eku"|%nWh\r\igeop  ½wS^&p\^^ x lmn x ^{|e x ^qqZ\^%lmZ\^"nWCp\nwllmZ\^ ﬀ h\e x jwp x lmZ\^+uznWioe x ]h\iolvegr\igeo^{mu
]ﬃjwlm|Z²jFl°lvZ\^ﬀ h\e xf¢ uvnsige x eoplv^{z ßjW|%^W¤ *  *p\nsl{½^RZ j¨§s^&lmnSnsm©qeolvZﬃlmZ\^ ﬀ h\e x |nsp uzlvjwegpl"lv^{p uznW°jFl
lmZ\^ ﬀ h e xf¢ uvnsige x :nsh\p x jwmys½WqZ jFl°]ﬃj¨yO^+p nwl|nspf§s^{p\eo^{pl x h\^qlmnv^{sh\ikjwmeolyv^Xªh\eom^]<^{pWlX¤ R^p |^s½
S^|Z nnuz^lvnnWv©ﬀqeolvZ¬|nsplvegpfh\nshOu+lm^{uzl ¡h\pO|lvegnspOunWp
Γst
¤`Y&Z eguN]<^{jsp u+lmZ jFl`S^buvZ jwigi|Z\nfnWuv^
lmZ\^	ﬀ h\e x jwp x uv^{|%nWp x uvnsige x ]h\iolvegr\igeo^{ﬃuzr jW|%^Xulmn¬:^lmZ\^ﬀuzr jW|%^
W fs
¤­®^ x ^%´ p ^lmZ\^/|nsh\r io^ x
uvytulm^] S^{js©uzlmjFlm^`nsr:^jFlvnWqjsuS ¡nsigignF+u½
eu∞ : Y





f × Y s1 )
∗
qZ nWuv^`jW|lmeonWpeku x ^%´Op\^ x fyﬃlvZ ^` ¡nsigionFqegp\<e x ^plveolys½
〈eu∞(u, p, d1, d2), (v, q, b1, b2)〉 = 〈e
s(d1, d2, Ff ), (b1, b2)〉+ 〈e
f
u∞

































u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)− d
0
1 b1(0) + d1(T ) b1(T )−md
0
2 b2(0) + m d2(T ) b2(T )
∀ (v, b2, q, b1) ∈ W
f
s × V
f × Y s1














Lu∞(u, p, d1, d2; v, q, b1, b2)
def











































Lu∞(u, p, d1, d2; v, q, b1, b2)

s
Sy hOuzegp\ﬀlvZ ^ K£eop ¢ K jw}¥ ¡jw]<^Snsm©A½!^²j¨§Wnse x lmZ\^|%nW]<r\htlmjwlvegnsp®nw SlvZ\^uljFlv^ x ^{veg§FjFlmeo§W^bqeolvZ
m^{uvr:^{|llmn
u∞
¤ ¼ eoul ¢ nW x ^nsrtlmeo]ﬃjsioeoly|%nWp x eolvegnsp uqegigit ¡h\mp\eguvZblvZ\^qWmj x eg^plCnw  lmZ\^qnsmegsegp jwit|%nul
 ¡h p |lmeonWp/hOuzegp\blvZ\^uvnsightlmeonWpns jsp/j x nsegpl&r vnW\io^{]ﬀ¤
­®^NnWh\i x ioeg©s^lvn<jwr r\ioyﬃ]<egp ¢ ]<jw} x e:^{v^{pWlmegjs\egioeoly<v^Xuzh\iolmulmnr\mns io^{]

s¤CY&Z\^N]ﬃjwegpekuvuvh\^Negu











Lu∞(u, p, d1, d2; v, q, b1, b2)

w_














e«lmeonWp u'lvnjsr\r\igylvZ\^ K eop
¢




























(uu∞ , pu∞ , d˜u∞ , ϕu∞ , piu∞ , b˜u∞)
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(u∞), δu∞ >= 〈
D
Du∞
Lu∞(uu∞ , pu∞ , d
1
u∞

















































eolvegnsp u{¤ Y&Z\egubuzlv^r egu
ÞÞ È ]_^`/aa




|vhO|%ekjwiU½W:^{|{jwh uv^ReolSig^{j x u°lvnlvZ\^ ¡nsm]h\ikjFlmeonWp²nw !lmZ\^`j x nWeopl&r\vnW\ig^] uvjwlveku´O^ x fyblvZ\^`jssjwp\W^
]h\iolvegr\ioeg^u





Lu∞(u, p, d1, d2; v, q, b1, b2)
def
= Ju∞(u, p, d1, d2)− 〈eu∞(u, p, d1, d2), (v, q, b1, b2)〉

s
Y&Z ^  Y?uzytuzlv^{] qeoigi*Z j¨§W^NlvZ\^N ¡nsigignFqeop\ﬃuzlvmh |lmh\m^ ﬃ
∂(v,q,b1,b2)Lu∞(u, p, d1, d2; v, q, b1, b2) · (δv, δq, δb1, δb2) = 0,
∀ (δv, δb2, δq, δb1) ∈ W
f
s × V
f × Y s1 →
clmjwlv^`°ªh jwlvegnsp u
∂(u,p,d1,d2)Lu∞(u, p, d1, d2; v, q, b1, b2) · (δu, δp, δd1, δd2) = 0,
∀ (δu, δp, δd1, δd2) ∈ X
f × Zf ×Xs1 ×X
s
2 →
 x nsegplq°ªh jFlmeonWp u
   46 &$>






















f × Y s1

Lu∞(u, p, d1, d2; v, q, b1, b2)
 )   " ﬀﬁ-$   F" _ﬂ
u ∈ Y f
ﬀ
A  ﬀ  












(δu · v) 〈d2 e2, n〉 −
∫
ΩT














(D δu · u) · v = −
∫
Ωft
[D v · u + div(u) v] · δu +
∫
Γf∞∪Γst






























f × Y s1

Lu∞(u, p, d1, d2; v, q, b1, b2)
 )   " ﬀﬁ-$   F" _ﬂ
p ∈ Zf
ﬀ
A  ﬀ  










$#ﬀ%&ﬂ(')ﬀ*,+ﬁ.-ﬂ/ 0  V
Y&Z\ekuqig^{j x uSlvnblvZ ^` ¡nsigionFqegp\ ﬀ h\e x j x nWeopl+ulmvnWp\ ¡nsm]h\ikjFlmeonWp*½


−∂tϕ−D ϕ · u + (
∗Du) · ϕ− ν∆ϕ +∇q = 0, Qf
div(ϕ) = 0, Qf
ϕ = b2 · e2, Σ
s
ϕ = 0, Σf∞
ϕ(T ) = 0, ΩfT

ZV 
  ﬃﬂ .+%8! 
! +,,  ﬁ1
­®^m^{|{jwigi"lmZ jFlblvZ\^/R ]ﬃjwreku\h\egi«l<jsulvZ\^&ﬀ nF j£§s^X|lmns´O^i x
V
lmZ jFl<]ﬃjFlm|Z ^{ulmZ\^uvnsige x
§W^ignt|%eoly®jwllvZ ^&ﬀ h e xf¢ uvnsige x egplv^{z ßjW|%^jsp x ekujsv\eolvjwmy¥egp uve x ^²lvZ ^&ﬀ h e x x ns]ﬃjwegp*½eU¤ ^/h uveop\¥lvZ\^
m^ x h |%^ x n x ^{q]bn x ^{iH½


V (x, t) = d2 · e2, x ∈ Ωst
V (x, t) = Ext(d2 · e2), x ∈ Ω
f
t






























(u, p, d1, d2, v, b2, q, b1) ∈ X
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Lu∞(u, p, d1, d2; v, q, b1, b2)






〈∂d1Lu∞(u, p, d1, d2; ϕ, pi, b1, b2), δd1〉 =∫ T
0
[
α (d1 − d
1
g) δd1 − k δd1 b2 + δd1 b˙1
]










−b˙1 + k b2 = α(d1 − d
1
g), (0, T )












































W = Ext(δd2 · e2)
ÞÞ È ]_^`/aa




Y&Z eguﬃﬀ nF?W^p\^{mjwlv^Xu&p\^ ﬀ h\e x jwp x uznWioe xﬀx ns]ﬃjwegp u&lmZ\mnsh\WZlmZ\^* ]ﬃjwr½



















= Tt(V + ρW )




Lu∞(uˆ, p, d1, d2 + ρδd2; vˆ, q, b1, b2)
)∣∣∣∣
ρ=0
































































Y&Z egu&]ﬃjwrﬀekuqjs|%lvh jsioigyﬃlvZ ^ ﬀ nF³ns 'j<§s^X|lmnsS´ ^i
x
 ¡nsigionFqegp\ ¡ns
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Ztρ
ﬁ  E ﬀ% 'ﬂ $ﬂ  #
Ztρ
def





◦ (T tρ )
−1  _ 
&   _ ﬂ
 ﬂ  ﬂ('  'ﬂ






ρ) : Ω −→ Ω






= (ρ, x(ρ)), ρ ≥ 0
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[0, ρ0] −→ C
0([0, T ]; W k−1,∞(Ω))
ρ 7−→ Tt(V + ρW )




= ∂ρ [Tt(V + ρW )] =
∫ t
0
[D(V + ρW ) ◦ Tτ (V + ρW ) · S
τ (ρ, .)
+W ◦ Tτ (V + ρW )dτ ]

_W




= St(ρ = 0, .)
  _) ﬂ
ﬂ
ﬃﬂ('  'ﬂ
$ﬂﬁ  +  ﬀ  0E"ﬂﬁ-$ 
{
∂tSt − (D V ◦ Tt) · St = W ◦ Tt, Ω0 × (0, T )





jw]<^plmjsim^{uvh\iol ¡h vp\ekuvZ lvZ ^
x
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{
∂tZt + [Zt, V ] = W, Ω0 × (0, T )






= DZt · V −DV · Zt
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  Rﬂ '
φ(ρ, .) ∈ L1(Γst )
ÞÞ È ]_^`/aa










φ(ρ, x) ∈ C0((0, ρ0; C
1(Γs,ρt ))
  _ *ﬀ ﬀ
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φ






































































































= Lu∞(u, p, d1, d2 + ρδd2; v, q, b1, b2)






−(u ◦ Rtρ) · ∂t(v ◦ R
t
ρ) + (D u ◦ R
t
ρ · u ◦ R
t
ρ) · v ◦ R
t
ρ
−νu ◦ Rtρ ·∆v ◦ R
t
ρ + u ◦ R
t
















(d2 + ρδd2) e2) · (σ(v ◦ R
t
ρ, q) · n
ρ)− u ◦ Rtρ · v ◦ R
t


















u(T ) · v(T )−
∫
Ω0
u0 · v(t = 0)− d
0
1 b1(0) + d1(T ) b1(T )−m d
0
2 b2(0)
+m (d2 + ρδd2)(T ) b2(T )] ∀ (v, b2, q, b1) ∈ W
f
s × V









= (T tρ )
−1 ¤q­¬^jsr\r\igylmZ\^r\m^§fegnsh u+v^Xuzh\iolmu+lvnﬃlmZ\^r:^vlvh\m:^ x jwsjwp sekjwp² ¡h p |lmeonWp jwi
Lu∞
¤




−u ◦ Rtρ · ∂t(v ◦ R
t
ρ) + D(u ◦ R
t
ρ) · (u ◦ R
t
ρ) · v ◦ R
t
ρ
−ν(u ◦ Rtρ) ·∆(v ◦ R
t
ρ) + (u ◦ R
t







= (T tρ )
−1 ¤
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∂ρG(ρ, .)|ρ=0 = [(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(D u · Zt)) · u + D u · (D u · Zt)] · v − (D u · u) · (D v · Zt)
+ν(D u · Zt) ·∆v + νu · (∆(D v · Zt)) + p div(D v · Zt)− (D u · Zt) · ∇q]
ÞÞ È ]_^`/aa




  º*º!@ ﬃ






















[(D u · Zt) · ∂tv + u · (∂t(D v · Zt))
− [(D(D u · Zt)) · u + D u · (D u · Zt)] · v − (D u · u) · (D v · Zt)




[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] 〈Zt, n〉
  Snsh\p x jwmy<lv^m]ﬃu ﬃ








(d2 + ρδd2) e2) · (σ(v ◦ R
t
ρ, q)− u ◦ R
t
ρ · v ◦ R
t




V = d2 e2
jsp
x
W = δd2 e2
½flvZ ^p
φ(ρ, .) = (V + ρW ) ·
[
σ(v ◦ Rtρ, q)− u ◦ R
t
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∫
Γ
V · (D v · n) =
∫
Ωft




D v · ·D V + V ·∆v
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u(T ) · v(T ) +
∫
Ω0
u0 · v(t = 0)
∀ (v, q) ∈ Y (Ωft )× V
f
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[(D u · Zt) · ∂tv − [(D(D u · Zt)) · u












[−u · ∂tv + (Du · u) · v − νu ·∆v + u · ∇q − p div(v)] (Zt · n)
+ V · [−ν D(D v · Zt) + (D u · Zt) · v + u · (D v · Zt)] · n
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[(D u · Zt) · ∂tϕ− [(D(D u · Zt)) · u









































































































u(T )v(T ) +
∫
Ω0
u0v(t = 0) + d
0
1b1(0)− d1(T )b1(T ) + md
0
2b2(0)−md2(T )b2(T )
∀ (v, q, b1, b2) ∈ Y
f × V f × Y s1 × Y
s
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[−δu · ∂tv − u · ∂tδv + D(δu · u) · v + D(u · δu) · v

















V · [ν D(δv)− δu · v − u · δv] · n−
∫
ΩT
[δu(T )v(T ) + u(T )δv(T )]






δu = D u · Zt δv = D v · Zt
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ν u∞ · (D(D ϕ · Zt) · n)
­®^h uv^NlvZ jwl
ϕ = b2 e2,
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Γst (V )
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(D ϕ · Zt) · (p n) = (p div ϕ)〈Zt, n〉
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div(V · [−pi I +ν∗D φ− u · ϕ]) = −pi div V − V · ∇pi + ν D ϕ · ·D V














[−u · ∂tϕ + (Du · u) · ϕ− νu ·∆ϕ + u · ∇pi − p div(ϕ)] 〈Zt, n〉
+ V · [−ν D(D ϕ · Zt) + (D u · Zt) · ϕ + u · (D ϕ · Zt)] · n
[−pi div V − V · ∇pi + ν D ϕ · ·D V + ν V ∆ϕ






ν u∞ · D(D ϕ · Zt) · n
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[ν (D ϕ · n) · (D(V − u) · n)− u · ∂tϕ + (Du · u) · ϕ− pi div V




























ν (D ϕ · n) · (D(V − u) · n)− d2 b˙2 − pi div V − (div V ) u · ϕ
−d2 e2 · D ϕ · d2 e2] 〈Zt, n〉
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V = Ext(d2 e2) ◦ p
½flmZ\^p
(D V · n) · n|Γst = 0
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−d2 b˙2 + ν (D ϕ · n) · (D u · n)− |d2|






















qZ ^m^NS^`Z j¨§s^Nh uv^ x lvZOjFl{½
∫
Γst (V )
d2 e2 · b2 e2 · n = 0




−∂tλ−∇Γ λ · V − λ divΓ V = f, (0, T )






−d2 b˙2 + ν (D ϕ · n) · (D u · n)− |d2|



















E(V ) ∈ L2(Σs(V ))
ﬀ A
(V, W ) ∈ Uad

















λ ∈ C0([0, T ]; H1(Γst ))
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−d2 b˙2 + ν (D ϕ · n) · (D u · n)− |d2|



























−b˙1 + k b2 = α(d− d
1
g), (0, T )








m b¨2 + k b2 = α(d− d
1
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